()
o)
(3
4
h
()
i
)

1SI430 NAd 3INO3IHLOI9Ig

e [
L]
» 009
=
=
[ 1
{ _ - ."_
. L)

Pt}
= Besy

i ¥ o

= ._._&
L R
fad] o
L i 1
e o
Hal ¥ ___
Y 4
P ol
s \
el
p =
=




BIBLIOTHEQUE DU CERIST

STOCHASTIC PROCESSES

Second Edition

Sheldon M. Ross
University of California, Berkeley

JOHN WILEY & SONS, INC.




BIBLIOTHEQUE DU CERIST

Contents

CHAPTER 1.

1.1.
1.2.
1.3.
1.4.

CHAPTER

1.5.

1.6.

1.7.
1.8.
1.9.

2.1.
2.2,
2.3.

2.4.
2.5.

PRELIMINARIES 1

Probability 1

Random Variables 7

Expected Value 9

Moment Generating, Characteristic Functions, and

Laplace Transforms 15

Conditional Expectation 20

1.5.1. Conditional Expectations and Bayes
Estimators 33

The Exponential Distribution, Lack of Memory, and

Hazard Rate Functions 35

Some Probability Inequalities 39

Limit Theorems 41

Stochastic Processes 41

Problems 46
References 55
Appendix 56

THE POISSON PROCESS 59

The Poisson Process 59

Interarrival and Waiting Time Distributions 64
Conditional Distribution of the Arrival Times 66
2.3.1. The M/G/1 Busy Period 73
Nonhomogeneous Poisson Process 78
Compound Poisson Random Variables and
Processes 82

2.5.1. A Compound Poisson Identity 84

2.5.2. Compound Poisson Processes 87

xi



BIBLIOTHEQUE DU CERIST

xii

2.6.

CHAPTER 3.

3.1
3.2.
3.3.

3.4.

35
3.6.

3.7.

3.8

CHAPTER 4.
4.1.
4.2

43.
44.

4.5.
4.6.

CONTENTS

Conditional Poisson Processes 88

Problems 89
References 97

RENEWAL THEORY 98

Introduction and Preliminaries 98

Distribution of N(¢) 99

Some Limit Theorems 101

3.3.1. Wald’s Equation 104

3.3.2. Back to Renewal Theory 106

The Key Renewal Theorem and Applications 109
3.4.1. Alternating Renewal Processes 114

3.4.2. Limiting Mean Excess and Expansion

of m(r) 119
3.43. Age-Dependent Branching Processes 121
Delayed Renewal Processes 123

Renewal Reward Processes 132

3.6.1. A Queueing Application 138

Regenerative Processes 140

3.7.1. The Symmetric Random Walk and the Arc Sine
Laws 142

Stationary Point Processes 149

Problems 153
References 161

MARKOV CHAINS 163

Introduction and Examples 163

Chapman-Kolmogorov Equations and Classification of

States 167

Limit Theorems 173

Transitions among Classes, the Gambler’s Ruin Problem,

and Mean Times in Transient States 185

Branching Processes 191

Applications of Markov Chains 193

4.6.1. A Markov Chain Model of Algorithmic
Efficiency 193

4.6.2. An Application to Runs—A Markov Chain with a
Continuous State Space 195

4.6.3. List Ordering Rules—Optimality of the
Transposition Rule 198



BIBLIOTHEQUE DU CERIST

CONTENTS

4.7.
4.8.

CHAPTER 5.

5.1.
5.2.
53.-
54.
5.5.
5.6.

5.7.

5.8.

CHAPTER 6.

6.1.
6.2.
6.3.
6.4.

6.5.

CHAPTER 7.

7.1.

Time-Reversible Markov Chains 203
Semi-Markov Processes 213

Problems 219
References 230

CONTINUOUS-TIME MARKOV CHAINS 231

Introduction 231

Continuous-Time Markov Chains 231

Birth and Death Processes 233

The Kolmogorov Differential Equations 239
5.4.1. Computing the Transition Probabilities 249
Limiting Probabilities 251

Time Reversibility 257

5.6.1. Tandem Queues 262

5.6.2. A Stochastic Population Model 263
Applications of the Reversed Chain to Queueing
Theory 270

5.7.1. Network of Queues 27

5.7.2. The Erlang Loss Formula 275

5.7.3. The M/G/1 Shared Processor System 278
Uniformization 282

Problems 286
References 294

MARTINGALES 295

Introduction 295

Martingales 295

Stopping Times 298

Azuma’s Inequality for Martingales 305
Submartingales, Supermartingales, and the Martingale
Convergence Theorem 313

A Generalized Azuma Inequality 319

Problems 322
References 327

RANDOM WALKS 328

Introduction 328
Duality in Random Walks 329

xiii



BIBLIOTHEQUE DU CERIST

xiv

7.2.

7.3.
7.4.

7.5.

CHAPTER 8.

8.1.
8.2.

8.3.

8.4.

8.5.

8.6.

8.7.
8.8.

CHAPTER 9.

9.1.

CONTENTS

Some Remarks Concerning Exchangeable Random
Variables 338

Using Martingales to Analyze Random Walks 341
Applications to G/G/1 Queues and Ruin

Problems 344

7.4.1. The G/G/1 Queue 344

7.4.2. A Ruin Problem 347

Blackwell’s Theorem on the Line 349

Problems 352
References 355

BROWNIAN MOTION AND OTHER MARKOV
PROCESSES 3586

Introduction and Preliminaries 356
Hitting Times, Maximum Variable, and Arc Sine
Laws 363
Variations on Brownian Motion 366
8.3.1. Brownian Motion Absorbed at a Value 366
8.3.2. Brownian Motion Reflected at the Origin 368
8.3.3. Geometric Brownian Motion 368
8.3.4. Integrated Brownian Motion 369
Brownian Motion with Drift 372
8.4.1. Using Martingales to Analyze Brownian
Motion 381
Backward and Forward Diffusion Equations 383
Applications of the Kolmogorov Equations to Obtaining
Limiting Distributions 385
8.6.1. Semi-Markov Processes 385
8.6.2. The M/G/1 Queue 388
8.6.3. A Ruin Problem in Risk Theory 392
A Markov Shot Noise Process 393
Stationary Processes 396

Problems 399
References 403

STOCHASTIC ORDER RELATIONS 104

Introduction 404
Stochastically Larger 404



BIBLIOTHEQUE DU CERIST

9.2.

9.3.
9.4.

9.5.
9.6.

9.7.

CHAPTER 10.

10.1.
10.2.

10.3.

Coupling 409

9.2.1. Stochastic Monotonicity Properties of Birth and
Death Processes 416

9.2.2. Exponential Convergence in Markov
Chains 418

Hazard Rate Ordering and Applications to Counting

Processes 420

Likelihood Ratio Ordering 428

Stochastically More Variable 433

Applications of Variability Orderings 437

9.6.1. Comparison of G/G/1 Queues 439

9.6.2. A Renewal Process Application 440

9.6.3. A Branching Process Application 443

Associated Random Variables 446

Problems 449
References 456

POISSON APPROXIMATIONS 457

Introduction 457

Brun’s Sieve 457

The Stein-Chen Method for Bounding the Error of the
Poisson Approximation 462

Improving the Poisson Approximation 467

Problems 470
References 472

ANSWERS AND SOLUTIONS TO SELECTED PROBLEMS 473

INDEX

505





