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INVARIANT THEORY, THE RICCATI GROUP, 
AND LlNEAR CONTROL PRObLEMS 

J. CASTI 

New York University, U.S.A. 

l~bstract 

The classical algebraic theory of invariant 
is applicn to the linear-quadratic-gaussian contr l 
probleln ta der ive a canonical fOrTIl under a certain 
matrix transforrnatioll group. The particular group 
of transformations, tcrmed here the l'Riccati group," 
is induced from the matrix Riccati equat.ion charac
terizing the LQG problem solution. 

Exan\pJ.GS of the invariant-theoretic approach are 
given a10119 with a discussion of tapies meritiIlg 
fu~ther study, including geometric intcrpretation of 
the group orbits, extension of the Riccati group, and 
connections v7ith the generalized X-Y functions. 

1. Introduction 

One of the principal therncs of nineteenth-ccntury mathematics 

was the theory of invariants of transformation groups. This 

theory, developcd ta a high dcgree of sophistication by Hilbert, 

Cayley, Sylvester, Gardan, Dickson, and other, has been morc 

until r~lther recently. A fascinating account of the risE and 

faii of the ttleory from the sociological point of vicw is given 

in [1,2 J • 

In conncction \",ith reIlcwed interest in invariant theo.ry on 

the part of modern algebraists, thore has been a corresponding 

interest in the use of invariant theoretic-techniques to shed 

ligl1t on cortalll aigebraic issues arising in system thcory. 

Since 1970, il. nu-:nbcr of: papers have élppeûrcd [cf. 3-7) in \,:hich 

the generai tccl1niques dcveloped by the nincteentll-ccntury alge

braists ha\'c bcc~ employeJ ta characterize certain minimal-para

metcr canonica] [orms for constant, finite-dimensinnal lincar 
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i) indci~cnù"nl if no algcbraic relations cxist among the 

pn l yno;-:~ i;;1 s; 

ii) ~:S)!"pLc:'~(:~ if po:(q) cO: Pa(C!') for aIl (~ L 1\ implics q 7= gql 

for SO;,k~ 9 L ~ç. 

T1H' b ~si_c \·;orJ-: ci-Lcd dDuve ha~; lJecn devotcd ta the dctcrminat:ion 

of Cl CG1"i ,1 c l:-C, inc:f:'pcndcnL set of invaria"ls LlIVt thG assoCiittc,' 

of the ~j1-0UV ~ç. 

Our objective il1 Lhis report is ta extcnd the basic rcsults 

obtaincd for tlle lincilr system r ta the case in whic11 a quadratic 

cast fUDel.ional 

J ~fT [(x,()x) + 2(x,Su) + (u,Ru)Jds + (x"('J'),POX(T)) 

t 

with Q = Q', R > D, Po = Pb, is adjoined. Thus, ~1~ deal with the 

question of deter~ining a complete, independent set of invariants 

for the so-called "1irlcar-quadratic-gaussian" (LQG) problem. Tt. 

will be s110wn tllilt choosing ~ç ta he what wc terrn tlle "Riccati group", 

such a set of invariants rnay he obtained for the l,QG probl~rn_ 

The general plan of the paper is ta present, tlrst of aIl, 

a brief rcvicw of the basic ideas of invariant theory with 

special e:.~phasis on thcir use in linear system proLlcms. We 

Lhcn give a formulation of the LQG problem which is particularly 

suitablc for our purposes and define the trilnsfornations com-

prising the "Riccati" group. The next section cOlltains the main 

results of the po.per, no.œC?ly a complete, indcpendent set of in

\'2l--i2:ilt~; ~~:ll: the .J.ssoci,:-,Leù cul10nical form for the LQG problc:u. 

The pJper COIlcludes with a discussion of unresolvcd issues, as 

weIl as the connections of the current results with the gcncral

ized X-Y functions introduced in [9-11J. 

In gencrul tcrms, invariant theory address0s the following 

situ~tion: 

titles" q. 

a fixed group ~ acts on certain mathcmatical "quan

An (absolutc) algcbraic invariant of q vJith respect 

* A more compJ.etc trcatment of these mattcrs is given in [22]. 
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